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We consider paths of functionals starting with one which is invariant under
the action of an arbitrary group of symmetries. We give conditions for the existence
of an unbounded sequence of critical values of the non-symmetric functional at
the end of the path in terms of the growth of the critical values of the symmetric
one. We apply this to obtain a multiplicity result for a system of elliptic equations
whose symmetries are perturbed by a linear term and a non-homogeneous boundary
condition. # 2002 Elsevier Science (USA)
Key Words: nonhomogeneous elliptic systems; nonhomogeneous boundary
condition; critical points of nonsymmetric functionals.1. INTRODUCTION AND STATEMENT OF RESULTS
Functionals which are invariant under the action of a group of
symmetries often have many critical values. This is due to the fact that
symmetries produce a rich topological structure on the sublevel sets of the
functional. One would expect that, if symmetries are broken without
essentially altering the structure of the sublevel sets, the functional would
still have many critical values. Proving this, however, is not easy. The usual
topological invariants such as the equivariant Lusternik–Schnirelmann
category or the genus, while being excellent tools for dealing with symmetric
functionals, are of no use in the non-symmetric case because they are, in a
very strong sense, symmetric invariants.
Critical point results for perturbations of even functionals were ﬁrst
obtained in the early 1980s by Bahri and Berestycki [1], Struwe [17] and
Rabinowitz [14], and applied to obtain multiplicity results of problems
where symmetries are perturbed by adding a linear term. The tool they used
was an invariant, originally introduced by Krasnoselskii [12], which captures
some relevant non-symmetric properties of symmetric sets. This invariant1Research partially supported by the Consejo Nacional de Ciencia y Tecnolog!ıa (CONACyT)
under Research Grant 28031-E.
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multiplicity results, similar to those we just mentioned. It is called the
equivariant capacity.
As we shall show here, the equivariant capacity has the advantage of
producing many linkings for a functional which is invariant under the action
of a group of transformations G: Recently, Bolle [4] has given conditions for
a linking to be preserved along a path of functionals. So we shall look at
paths of functionals starting with a G-invariant one and apply Bolle’s ideas
to obtain conditions which guarantee that the linkings provided by the
equivariant capacity for the starting functional are preserved along the path
and, thus, give rise to critical values of the perturbed symmetric functional
at the end of the path. More precisely, we consider the following situation.
Let G be a compact Lie group acting orthogonally on an inﬁnite
dimensional Hilbert space X ; with a ﬁnite dimensional G-ﬁxed point space
X G ; and let F : X  ½0; 1 ! R be a C2-functional. We think of F as being a
path of functionals
Ft : X ! R; FtðuÞ :¼ Fðu; tÞ; 04t41;
and denote by F0tðuÞ ¼
@
@uFðu; tÞ the derivative of Ft: We assume that
(P1) F satisﬁes the Palais–Smale condition for paths: every sequence
ðun; tnÞ 2 X  ½0; 1 such that ðFtnðunÞÞ is bounded and jjF
0
tn
ðunÞjj ! 0 has a
subsequence converging in X  ½0; 1:
(P2) For every b 2 R there is a constant C ¼ CðbÞ such that
@
@t
Fðu; tÞ

4CðjjF0tðuÞjj þ 1Þðjjujj þ 1Þ if jFtðuÞj4b:
(P3) There exist two continuous functions y1; y2 : ½0; 1  R! R; y14
y2; which are Lipschitz continuous on the second variable and such that
y1ðt;FtðuÞÞ4
@
@t
Fðu; tÞ4y2ðt;FtðuÞÞ if F
0
tðuÞ ¼ 0:
(P4) F0 is G-invariant and, for every ﬁnite dimensional subspace
W of X ;
sup
04t41
FtðwÞ ! 1 as w 2 W ; jjwjj ! 1:
We shall prove the following.
Theorem 1. Assume that F satisfies ðP1Þ–ðP4Þ: Then there is a sequence
ðckÞ of real numbers such that, if
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ck
max04t41 jy1ðt;ckþ1Þjþmax04t41 jy2ðt;ckÞjþ1
Þ is unbounded,
then F1 has an unbounded sequence of critical values.
The numbers ck are minimax values of F0 given by the G-capacity. They
are critical values if F0 has the mountain pass geometry and, in fact, the
sequence ðckÞ is unbounded for many groups G [3, 9, 10]. But this is not
enough. Property (P5) requires good estimates for the growth of these
critical values. If F0 is even, Bahri and Lions [2] and Tanaka [19] have given
such estimates in terms of the Morse indices of critical points related to the
ck’s. For more general group actions estimates for the Morse indices are also
known [9, 10]. This allows to apply Theorem 1 to problems with more
general symmetries.
For paths of functionals which start with an even one a result analogous
to Theorem 1 above was proved by Bolle et al. [5] who applied it in
particular to obtain multiple solutions of a semilinear elliptic problem with a
non-homogeneous boundary condition. Here, we apply Theorem 1 to
obtain solutions u ¼ ðu1; . . . ; umÞ : %O! R
m of the gradient system of elliptic
equations
ðPGÞ
Du ¼ rF ðuÞ þ f in O;
u ¼ u0 on @O;
(
where O is a bounded smooth domain in RN ; N53; f 2 C0;að %O;RmÞ for
some 05a51; u0 2 C2ð@O;R
mÞ; and F 2 C2ðRm;RÞ has the following
properties:
ðF1Þ There are constants m > 2 and R > 0 such that
05mF ðuÞ4u  rF ðuÞ if juj5R:
ðF2Þ There are constants q > 2 and g > 0 such that
jrF ðuÞj4gð1þ jujq1Þ:
ðF3Þ F is G-invariant with respect to an orthogonal action of G on R
m
without non-trivial ﬁxed points, where G is either a torus G ¼ S1      S1;
or a p-torus G ¼ Z=p     Z=p; or a cyclic p-group G ¼ Z=pr; p prime > 1:
We shall show that
Theorem 2. If F satisfies ðF1Þ–ðF3Þ then problem ðPGÞ has an infinitely
many solutions provided q5 2N
N1 :
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et al. [5], and Candela et al. [7] to systems of equations with more general
non-linearities and more general symmetries.
For the Dirichlet problem, we obtain a better result, which extends those
of Bahri and Lions [2] and Tanaka [19] to elliptic systems with more general
groups of symmetries and improves those of [8] for tori and p-tori, namely,
Theorem 3. Let O be a bounded domain in RN ; N53; and let F 2
C2ðRm;RÞ satisfy ðF1Þ–ðF3Þ: Then, for each f 2 L2ðO;R
mÞ the problem
ðP0GÞ
Du ¼ rF ðuÞ þ f in O
u ¼ 0 on @O
(
has infinitely many weak solutions if mm15
2
N
 q
q2 :
This paper is organized as follows: In Section 2 we recall some
topological notions and introduce notation. In Section 3, we deﬁne
the G-capacity and state its main properties. In Section 4, we show
that the G-capacity gives rise to linkings and we give conditions for
a linking to be preserved under a homotopy. In Section 5, we
prove Theorem 1 and in Section 6, we apply it to prove Theorems
2 and 3.
2. BASIC NOTIONS AND NOTATION
We start by recalling some basic notions of equivariant topology.
Let G be a compact Lie group. A G-space is a topological space
Y with a continuous action of G: A G-map is a continuous map
f : Y ! Z which preserves the G-action, i.e. fðgyÞ ¼ gfðyÞ: A
G-map f which is a homeomorphism is called a G-homeomorphism.
We denote by
Y G :¼ fy 2 Y : gy ¼ y for all g 2 Gg
the fixed point set of Y :
By a G-pair ðY ;AÞ we mean a G-space Y together with a G-invariant
subspace A of Y ; and by a G-map (of pairs) f : ðY ; AÞ ! ðZ;BÞ we mean a
G-map f : Y ! Z which maps A into B: Two such G-maps f;c are G-
homotopic, denoted
f’
G
c : ðY ; AÞ ! ðZ;BÞ;
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from f to c; i.e. for each t 2 ½0; 1; the map
Yt : ðY ; AÞ ! ðZ;BÞ; YtðyÞ :¼ Yðy; tÞ;
is a G-map (of pairs), Y0 ¼ f and Y1 ¼ c: A G-map f : ðY ;AÞ ! ðZ; BÞ
is a G-homotopy equivalence if there is a G-map Z : ðZ;BÞ ! ðY ;AÞ
such that
Z8f’
G
id : ðY ;AÞ ! ðY ; AÞ and f8Z’
G
id : ðZ;BÞ ! ðZ;BÞ:
We shall write
ðY ;AÞ  ½0; 1 :¼ ðY  ½0; 1;A ½0; 1Þ:
A map Z : ðY ; AÞ ! ðZ;BÞ is said to be nullhomotopic if there exists a
(non-equivariant) homotopy Y : ðY ;AÞ  ½0; 1 ! ðZ; BÞ from Z to some
constant b0 2 B: Y will be called a nullhomotopy of Z:
The join Y *Z of two non-empty G-spaces Y and Z is the quotient space
of Y  ½0; 1  Z obtained by identifying ðy; 0; zÞ with ðy; 0; z0Þ and ðy; 1; zÞ
with ðy0; 1; zÞ for all y; y0 2 Y ; z; z0 2 Z: It has a natural G-action given by
gðy; t; zÞ ¼ ðgy; t; gzÞ:
We denote by
EkG :¼ G*    *G|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ}
k times
the n-fold join of G: This is a free G-space. If G ¼ Z=2 then EkðZ=2Þ is
(Z=2-homeomorphic to) the unit sphere Sk1  Rk with the
antipodal action, if G ¼ S1 then EkðS
1Þ is (S1-homeomorphic to) the
unit sphere S2k1  Ck with the action given by multiplication
on each coordinate. If B is a topological space with the trivial
G-action then the ﬁxed point set of B*EkG is precisely B: We
denote
ðY ; AÞ*EkG :¼ ðY *EkG;A*EkGÞ:
3. THE EQUIVARIANT CAPACITY
From now on, let X be G-Hilbert space with norm jj jj such that
dim X ¼ 1 and dim X G51: Let
X0 :¼ X G  X1      Xn    
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dim Xn !1; and
1 :¼ R04R14   4Rn4   
be a non-decreasing sequence of real numbers.
Let B :¼ fu 2 X : jjujj41g and S :¼ fu 2 X : jjujj ¼ 1g denote the unit
ball and the unit sphere in X ; respectively, and let BG :¼ B\ X G and
SG :¼ S \ X G be the unit ball and the unit sphere in the ﬁxed point space
X G : Let
D :¼
[1
n¼0
fu 2 Xn : jjujj5Rng:
Definition 4. For every G-invariant subset Y of X such that Y*D[
X G ; we deﬁne the G-capacity kGðY Þ to be the greatest number k50 such
that there exists a G-map
s : ðBG; SGÞ*EkG ! ðY ;DÞ
whose restriction to the ﬁxed point sphere s j SG : SG ’ DG is a homotopy
equivalence. If such a map exists for all k we shall say that kGðY Þ ¼ 1:
For example, if G ¼ Z=2 ¼ f1;1g acting on X by multiplication, then
BG ¼ f0g and EkG ﬃ S
k1: Hence, kGðY Þ is just the greatest number k50
such that there exists an odd map s : Bk ! Y of the unit ball in Rk into Y
which maps the unit sphere Sk1 into D:
If G ¼ S1 we consider the representations X G  Ck; where S1  C acts
trivially on X G and by multiplication on Ck: Then kGðY Þ is the greatest
number k50 such that there exists an S1-map s : BðX G  CkÞ ! Y from
the unit ball in X G  Ck into Y which maps the unit sphere SðX G  CkÞ
into D in such a way that s j SG : SG ’ DG is a homotopy equivalence.
Observe that, if s j SG : SG ’ DG is a homotopy equivalence, then sG :
ðBG; SGÞ ’ ðX G;DGÞ is a homotopy equivalence of pairs. So the notion of
G-capacity given here coincides with the one given in [8, 11].
Let Y and Z be G-invariant subsets of X which contain D[ X G: The
following is an immediate consequence of the deﬁnition.
Proposition 5 (Monotonicity). (a) If Z : ðY ;DÞ ! ðZ;DÞ is a G-map
which induces a homotopy equivalence Z jDG : DG ’ DG; then kGðY Þ4kGðZÞ:
(b) If K is a closed subgroup of G such that X K ¼ X G then kGðY Þ4kK ðY Þ:
The next property will play a crucial role in our considerations. It was
proved in [8]. We include here the proof for the reader’s convenience.
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ðY ;DÞ ! ðZ;DÞ which induces a homotopy equivalence Z jDG : DG ’ DG is
essential (that is, it is not non-equivariantly nullhomotopic).
Proof. A homotopy Y : ðY ;DÞ  ½0; 1 ! ðZ;DÞ such that Y0 ¼ Z and
Y1  d0 2 D induces a G-map
#Z : ðY ; DÞ*G ! ðZ;DÞ; #Zðy; t; gÞ :¼ gYðg
1y; tÞ;
such that #Zðy; 0; gÞ ¼ ZðyÞ: Let s : ðBG; SGÞ*EkG ! ðY ;DÞ be as in Deﬁni-
tion 4. Then
#s : ðBG; SGÞ*Ekþ1G !
s* id ðY ;DÞ*G!
#Z
ðZ;DÞ
is a G-map whose restriction #s j SG : SG ’ DG is a homotopy equivalence.
This contradicts our assumption that kGðY Þ ¼ kGðZÞ: ]
4. LINKING AND CRITICAL VALUES
Let X and D be as above. For every (not necessarily G-invariant) subset Y
of X which contains D we consider the set NðY Þ of all (non-equivariant)
nullhomotopies Y : ðY ;DÞ  ½0; 1 ! ðX ;DÞ of the inclusion map ðY ;DÞ+
ðX ;DÞ; cf. Section 2. Since we are assuming that dim Xn !1; D is (non-
equivariantly) contractible. Therefore, the identity of ðX ;DÞ is nullhomo-
topic and NðY Þ=| for all Y :
Definition 7. Let Y and Z be subsets of X ; with Y*D: We say that Y
links with Z in ðX ; DÞ if the image of every nullhomotopy Y 2NðY Þ
intersects Z; i.e. Yðy0; t0Þ 2 Z for some ðy0; t0Þ 2 Y  ½0; 1:
Linking gives rise to critical values as follows. Let C : X ! R be a (not
necessarily G-invariant) C1-functional which satisﬁes the Palais–Smale
condition:
(PS) Any sequence ðunÞ in X such that CðunÞ ! b and jjC0ðunÞjj ! 0 as
n !1 has a convergent subsequence.
Proposition 8. Assume that C satisfies ðPSÞ; Y*D; Y links with Z in
ðX ;DÞ; supY C5infZ C and
cY :¼ inf
Y2NðY Þ
sup
ðu; tÞ2Y½0;1
CðYðu; tÞÞ51:
Then cY is a critical value of C and infZ C4cY :
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Lemma [18, 20]: Since Y links with Z; infZ C4cY : It cY is not a
critical value then there exist an e > 0 such that supY Cþ 2e5infZ C and
a map Z : X ! X such that ZðuÞ ¼ u if CðuÞ4cY  2e and CðZðuÞÞ4cY  e
if CðuÞ4cY þ e: Let Y 2NðY Þ be such that supY½0;1 ðC8YÞ4cY þ e:
Then *Y :¼ ZY 2NðY Þ and supY½0;1 ðC8 *YÞ4cY  e; contradicting the
deﬁnition of cY :
On the other hand, the G-capacity gives rise to many linkings. Consider
the minimax values of C
ck :¼ inf
Y2Gk
sup
u2Y
CðuÞ; k51;
where Gk :¼ fY  X : Y is G-invariant; Y*D[ X G and kGðY Þ5kg: ]
Proposition 9. If C is G-invariant and if supD[X G C5ckþ151; then
every Y 2 Gk links with
C>ckþ1d :¼ fu 2 X : CðuÞ > ckþ1  dg
for every d > 0: Furthermore, if C satisfies ðPSÞ; then ckþ1 is a critical value
of C:
Proof. Since C is G-invariant, C4c :¼ fu 2 X : CðuÞ4cg is G-invariant
for all c 2 R: For d > 0 small enough, C4ckþ1d*D[ X G and, by deﬁnition
of ckþ1; kGðC4ckþ1dÞ4k: So, by the rigidity property (Corollary 6) every
Y 2 Gk links with C>ckþ1d: The last assertion follows, by standard methods,
using the G-invariance of the negative gradient ﬂow and the monotonicity
property (Proposition 5). ]
The following lemma, due to Bolle [4], gives a criterion for a linking to be
preserved along deformations.
Lemma 10. Assume Y*D and Y links with Z in ðX ;DÞ: Let H;K :
ðX ;DÞ  ½0; 1 ! ðX ;DÞ be two homotopies such that
(i) Hðu; 0Þ ¼ Kðu; 0Þ ¼ u and Hðd ; tÞ ¼ Kðd; tÞ ¼ d for all u 2 X ; d 2
D; t 2 ½0; 1;
(ii) Ht : ðX ;DÞ ! ðX ;DÞ is a homeomorphism for all t 2 ½0; 1;
(iii) H1 : ðX ;DÞ  ½0; 1 ! ðX ;DÞ given by H1ðu; tÞ :¼ H1t ðuÞ is
continuous,
(iv) KtðY Þ \HtðZÞ ¼ | for all t 2 ½0; 1:
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Proof. Given Y 2NðK1ðY ÞÞ we deﬁne *Y : ðY ;DÞ  ½0; 1 ! ðX ;DÞ as
follows:
*YtðyÞ :¼
H12t 8K2tðyÞ if 04t4
1
2
;
H11 8Y2t18K1ðyÞ if
1
2
4t41:
8<
:
Then *Y 2NðY Þ: Since Y links with Z; *Yt0ðy0Þ 2 Z for some ðy0; t0Þ 2
Y  ½0; 1: If t0412 then H2t0 ð
*Yt0 ðy0ÞÞ ¼ K2t0ðy0Þ which contradicts (iv).
Hence, t0 > 12 and H1ð
*Yt0ðy0ÞÞ ¼ Y2t01ðK1ðy0ÞÞ; that is, K1ðY Þ links with
H1ðZÞ: ]
5. LINKING ALONG A PATH OF FUNCTIONALS
Let X be a G-Hilbert space X ; with dim X ¼ 1 and dim ðX GÞ51; and
let F : X  ½0; 1 ! R be a C2-functional such that
(P7) There is a continuous function y : ½0; 1  R! R; which is
Lipschitz continuous in the second variable with the following property:
for every b; d > 0 there is a r > 0 such that
yðt;FtðuÞÞ  d5
@
@t
Fðu; tÞ if jFtðuÞj5b and jjF0tðuÞjj5r:
Let zd : ½0; 1  R! R be deﬁned by
zdð0; sÞ ¼ s;
@
@tzdðt; sÞ ¼ yðt; zdðt; sÞÞ  d:
8<
:
The following deformation lemma for paths is due to Bolle [4]. We sketch its
proof for the reader’s convenience.
Lemma 11. If F satisfies ðP2Þ and ðP7Þ then, for every c 2 R; m > 0 and
d > 0; there is a homotopy Z : X  ½0; 1 ! X such that
(i) Zðu; 0Þ ¼ u for all u 2 X ;
(ii) Zðu; tÞ ¼ u if either FtðuÞ4inf04t41 zdðt; cÞ m or FtðuÞ5
sup04t41 zdðt; cÞ þm;
(iii) Zt : X ! X is a homeomorphism for every 04t41; and
(iv) if F0ðuÞ5c then FtðZtðuÞÞ5zdðt; cÞ for every 04t41:
CLAPP, HERNA´NDEZ-LINARES, AND HERNA´NDEZ-MARTI´NEZ190Proof. Let a :¼ inf04t41 zdðt; cÞ and b :¼ sup04t41 zdðt; cÞ: Let l; m 2
C1ðR; ½0; 1Þ be such that l  0 on ð1; a m
2
 [ ½bþ m
2
;1Þ and l  1 on
½a;b; and m  0 on ½r2 ;
r
2  and m  1 on ð1;r [ ½r;1Þ: Consider the
vector ﬁeld
V ðu; tÞ :¼
@
@t
F
 
ðu; tÞ þ 1þ yþðt; zdðt; cÞÞ
 
lðFtðuÞÞmðjjF0tðuÞjjÞ
F0tðuÞ
jjF0tðuÞjj
2
;
where h :¼ maxfh; 0g: Let Z : X  ½0; 1 ! X be the ﬂow of V deﬁned by
Zðu; 0Þ ¼ u;
@
@tZðu; tÞ ¼ V ðZðu; tÞ; tÞ:
8<
:
Property (P2) guarantees that Z is well deﬁned on X  ½0; 1: Properties
(i)–(iv) are easily veriﬁed [4]. ]
We shall apply this lemma to prove Theorem 1.
Proof of Theorem 1. Since dim X G51; Property (P4) implies that the
Ft’s are uniformly bounded above on X G: We may assume that
sup
04t41
FtðuÞ40 for all u 2 X G:
We ﬁx a sequence of ﬁnite-dimensional G-invariant subspaces X0 ¼ X G 
X1      Xn     of X with dim Xn !1; and a sequence of real
numbers R0 ¼ 14R14   4Rn4    such that FtðwÞ40 if ðw; tÞ 2 Xn 
½0; 1 and jjwjj5Rn: Let
D :¼
[1
n¼0
fw 2 Xn : jjwjj5Rng
and consider the minimax values of F0
ck :¼ inf
Y2Gk
sup
u2Y
F0ðuÞ;
where Gk :¼ fY  X : Y is G-invariant; Y*D[ X G and kGðY Þ5kg:
Observe that, since dim Xn !1; there is a G-map s : ðBG; SGÞ*EkG !
ðX ;DÞ as in Deﬁnition 4 for each k51 [8, 2.5]. Therefore, Ys :¼ sðBG *Ek
GÞ [D[ X G 2 Gk and, since F0 is bounded above on D[ X G and BG *EkG
is compact,
ck4 sup
u2Ys
F0ðuÞ51:
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R deﬁned by
z1ð0; sÞ ¼ s;
@
@tz1ðt; sÞ ¼ y1ðt; z1ðt; sÞÞ  d
8<
:
and
z2ð0; sÞ ¼ s;
@
@tz2ðt; sÞ ¼ y2ðt; z2ðt; sÞÞ þ d:
8<
:
Note that z1 and z2 are continuous, z14z2; and z1ðt;Þ and z2ðt;Þ are
non-decreasing in the second variable for each t 2 ½0; 1: Let %ynðsÞ :¼
max04t41 jynðt; sÞj; n ¼ 1; 2: Then js znðt; sÞj4Að%ynðsÞ þ dÞ for some
constant A > 0 [16]. Hence,
ckþ1  ck4z1ðt; ckþ1Þ  z2ðt; ckÞ þ Að%y1ðckþ1Þ þ %y2ðckÞ þ 2dÞ;
and, by (P5), the sequence
min
04t41
ðz1ðt; ckþ1Þ  z2ðt; ckÞÞ
is unbounded. Since z14z2; the sequence
min
04t41
z2ðt; ckÞ
is also unbounded. So, passing to a subsequence if necessary, we may
assume that
15z2ðt; ckÞ5z1ðt; ckþ1Þ for all t 2 ½0; 1 and all k:
Fix k; and let e > 0 be small enough so that
z2ðt; ck þ eÞ5z1ðt; ckþ1  eÞ for all t 2 ½0; 1: ð1Þ
Observe that Properties (P1) and (P3) imply Property (P7). Applying
Lemma 11 to F; y ¼ y1; c ¼ ckþ1  e; m ¼ 1 and d as above we obtain a
homotopy Z1 : ðX ;DÞ  ½0; 1 ! ðX ;DÞ which satisﬁes (i)–(iii) in Lemma 10
and such that, for all t 2 ½0; 1;
FtðZ1t ðuÞÞ5z1ðt; ckþ1  eÞ if F0ðuÞ5ckþ1  e: ð2Þ
Similarly, applying Lemma 11 to F; yðt; sÞ ¼ y2ðt;sÞ; c ¼ ck  e;
m ¼ 1 and d as above we obtain a homotopy Z2 : ðX ;DÞ  ½0; 1 ! ðX ;DÞ
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FtðZ2t ðuÞÞ4z2ðt; ck þ eÞ if F0ðuÞ4ck þ e: ð3Þ
Choose Y 2 Gk such that Y =ðD[ X GÞ is relatively compact and
sup
u2Y
F0ðuÞ4ck þ e:
By Proposition 9, Y links with F>ckþ1e0 : Equations (1)–(3) imply that
Z2t ðY Þ \ Z
1
t ðF
>ckþ1e
0 Þ ¼ | for all t 2 ½0; 1:
So, by Proposition 10, Y1 :¼ Z21ðY Þ links with Z1 :¼ Z
1
1ðF
>ckþ1e
0 Þ: Equations
(1)–(3) also imply that
sup
Y1
F14z2ð1; ck þ eÞ5z1ð1; ckþ1  eÞ4 inf
Z1
F1:
Since Y =ðD[ X GÞ is relatively compact, by Proposition 8, F1 has a critical
value 5z2ð1; ckÞ: But z2ð1; ckÞ ! 1 as k !1: ]
6. APPLICATIONS
We shall now apply Theorem 1 to prove Theorem 2. Consider the system
of equations
ðPGÞ
Du ¼ rF ðuÞ þ f in O;
u ¼ u0 on @O;
8<
:
where O is a bounded smooth domain in RN ; N53; f 2 C0;að %O;RmÞ; 05a
51; u0 2 C2ð@O;R
mÞ; and F 2 C2ðRm;RÞ has the properties ðF1Þ–ðF3Þ stated
in the introduction.
Let u0 2 C2ð %O;R
mÞ be an extension of the given u0 with Du0 ¼ 0: We
reformulate problem ðPGÞ by setting u ¼ vþ u0: Then ðPGÞ is equivalent to
ðP0GÞ
Dv ¼ rF ðvþ u0Þ þ f in O;
v ¼ 0 on @O:
8<
:
The solutions of ðP0GÞ are the critical points of the functional
F1ðvÞ ¼
Z
O
1
2
jrvj2  F ðvþ u0Þ  f  v
 
dx;
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mÞ endowed with the scalar product
hv;wi :¼
Z
O
ðrvrwÞ dx ¼
Xm
i¼1
Z
O
rvirwi dx:
The associated norm will be denoted by jj jj: The group G acts on H10 ðO;
RmÞ in the obvious way, that is, for v 2 H10 ðO;R
mÞ; g 2 G; the product gv 2
H10 ðO;R
mÞ is given by ðgvÞðxÞ :¼ gðvðxÞÞ: This action is orthogonal, that is
hgv; gwi ¼ hv;wi for all v;w 2 H10 ðO;R
mÞ; and has no non-trivial ﬁxed
points.
We consider the functional
Fðv; tÞ ¼
1
2
jjvjj2 
Z
O
ðF ðvþ tu0Þ þ tf  vÞ dx;
v 2 H10 ðO;R
mÞ; t 2 ½0; 1: It is standard to show that, under the above
assumptions, F is C2:
Integrating condition ðF1Þ yields
a1jujmm  a24
Z
O
F ðuÞ dx4
1
m
Z
O
ðu  rF ðuÞÞ dxþ
a3
m
; ð4Þ
with a1; a2; a3 > 0; for all u 2 H1ðO;R
mÞ; where j jm is the norm in L
mðO;RmÞ:
Proposition 12. F satisfies ðP1Þ and ðP2Þ:
Proof. Let jFtðvÞj4b: Then, by Eq. (4),
a1jvþ tu0jmm4
Z
O
F ðvþ tu0Þ þ a2
¼
1
2
jjvjj2  t
Z
O
f  v FtðvÞ þ a2
4a4ðjjvjj þ 1Þ
2; ð5Þ
and, by ðF2Þ; Z
O
jrF ðvþ tu0Þj4a5jvþ tu0j
q1
q1 þ a6
4a7jvþ tu0jq1m þ a6
4a8ðjjvjj þ 1Þ
2ðq1Þ
m : ð6Þ
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 15m; which is automatically satisﬁed if q5 2N
N2
and N53: Now,
F0tðvÞw ¼ hv;wi 
Z
O
ðrF ðvþ tu0Þ  wþ tf  wÞ dx
and
@
@t
Fðv; tÞ ¼ 
Z
O
ðrF ðvþ tu0Þ  u0 þ f  vÞ dx:
So using Eq. (4), we obtain
F0tðvÞvþ t
@
@t
Fðv; tÞ ¼ jjvjj2 
Z
O
rF ðvþ tu0Þ  ðvþ tu0Þ  2t
Z
O
f  v
4 jjvjj2  m
Z
O
F ðvþ tu0Þ þ a3  2t
Z
O
f  v
¼ mFtðvÞ 
m
2
 1
 
jjvjj2 þ ðm 2Þt
Z
O
f  v þ a3;
which together with Eq. (6) yields
mFtðvÞ  F0tðvÞv5
m
2
 1
 
jjvjj2 
Z
O
rF ðvþ tu0Þ  tu0  ðm 1Þt
Z
O
f  v a3
5b1jjvjj
2  b2ðjjvjj þ 1Þ
2ðq1Þ
m  b3jjvjj  b4
5b5jjvjj
2  b6: ð7Þ
So, if jFtnðvnÞj4b and jjF
0
tn
ðvnÞjj ! 0; then
jjvnjj24b7ð1þ jjvnjjÞ:
Hence ðvnÞ is bounded in H10 ðO;R
mÞ and, by standard methods, ðP1Þ holds
[15, 20]. Furthermore, by Eq. (6),
@
@t
Fðv; tÞ

4g1
Z
O
jrF ðvþ tu0Þj þ g2jjvjj
4g3jjvjj
2 þ g4:
This, together with Eq. (7), yields ðP2Þ: ]
Proposition 13. F satisfies ðP3Þ:
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be a critical point of FtðvÞ: Then v 2 C2ð %O;R
mÞ is a classical solution of
Dv ¼ rF ðvþ tu0Þ þ tf in O;
v ¼ 0 on @O
(
and hence
@
@t
Fðv; tÞ ¼ 
Z
O
rF ðvþ tu0Þ  u0 
Z
O
f  v
¼
Z
O
Dv  u0 
Z
O
f  vþ t
Z
O
f  u0
¼
Z
@O
@v
@n
 u0 
Z
O
f  vþ t
Z
O
f  u0: ð8Þ
Let u ¼ vþ u0 and let D@Ou ¼ D@Ou0 denote the component of the derivative
of u tangential to @O: Then, following [5], one can easily show that
Z
@O
1
2
jD@Ou0j2 
1
2
@u
@n

2
 !
 ¼
Z
@O
1
2
ruj j2
@u
@n

2
 !

4 a1ðjjujj þ 1Þ
2 þ a2
Z
O
F ðuÞ


4 a3ðjFtðvÞj þ 1Þ: ð9Þ
The last inequality follows from Eq. (7) and the deﬁnition of Ft: Putting
Eqs. (8) and (9) together we obtain
@
@t
Fðv; tÞ

4aðjFtðvÞj2 þ 1Þ14 : ]
This proves ðP3Þ with y2ðt; sÞ ¼ aðs2 þ 1Þ
1
4 ¼ y1ðt; sÞ:
Proposition 14. F satisfies ðP4Þ:
Proof. Since G acts orthogonally on H10 ðO;R
mÞ and F is G-invariant, the
functional
F0ðvÞ ¼
1
2
jjvjj2 
Z
O
F ðvÞ dx
CLAPP, HERNA´NDEZ-LINARES, AND HERNA´NDEZ-MARTI´NEZ196is also G-invariant. The second assertion of ðP4Þ follows easily from
Eq. (4). ]
In order to prove ðP5Þ; we need to have good estimates for the growth of
the ck’s. As in [2, 19] such estimates will be provided by estimates for the
Morse indices of critical G-orbits below the ck’s.
Proposition 15. There exists a positive constant o1 > 0 such that
o1ks4ck for all large enough k;
where s :¼ 2
N
q
q2 :
Proof. By ðF1Þ and ðF2Þ; F ðvÞ4b1jvjq þ b2; with b1; b2 > 0: Therefore,
F0ðvÞ ¼
1
2
jjvjj2 
Z
O
F ðvÞ dx
5 1
2
jjvjj2  b1jvj
q
q  b2:
Consider the G-invariant functional
CðvÞ :¼ 1
2
jjvjj2  b1jvj
q
q
deﬁned on H10 ðO;R
mÞ; and let
cˆk :¼ inf
Y2Gk
sup
u2Y
CðuÞ:
Then ck5cˆk  b2: Since G is either a torus, a p-torus or a cyclic p-group, it
follows from [10, 9] that there are constants k0 and b0 and, for each k5k0; a
vk ¼ ðvk1 ; . . . ; v
k
mÞ 2 H
1
0 ðO;R
mÞ with the following properties:
(i) CðvkÞ ¼ Cðvk1Þ þ    þCðv
k
mÞ4cˆk;
(ii) C0ðvkÞ ¼ 0;
(iii) m0ðv
kÞ5b0k;
where m0 ¼ mþ n denotes the Morse index plus the nullity of v
k: It is easy to
see that each vki is a critical point of the restriction
CðviÞ :¼ 12 jjvi jj
2  b1jvij
q
q
of C to the ith factor space H10 ðO;RÞ of H
1
0 ðO;R
mÞ; and that
m0ðv
kÞ ¼ m0ðv
k
1Þ þ    þ m0ðv
k
mÞ:
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m0ðv
k
i Þ5
b0
m
k
and following [2], [19] one can show that there is a positive constant b3 such
that b3k
s4Cðvki Þ holds. Therefore,
b3k
s4Cðvki Þ4Cðv
kÞ4cˆk4ck þ b2: ]
Proposition 16. Condition ðP5Þ holds.
Proof. Assume that there is a positive constant b such that
ckþ1  ck4bð%yðckþ1Þ þ %yðckÞ þ 1Þ for all k;
where %yðsÞ ¼ aðs2 þ 1Þ
1
4 : This implies that there is a positive constant
o2 such that ck4o2k2 for all k: This contradicts Proposition 15 if
q5 2N
N1 : ]
Proof of Theorem 2. It follows from Propositions 12, 13, 14, and 16
above, and Theorem 1. ]
Proof of Theorem 3. Since u0 ¼ 0; the functional we now consider is just
Fðu; tÞ ¼
1
2
jjujj2 
Z
O
ðF ðuÞ þ tf  uÞ dx:
for u 2 H10 ðO;R
mÞ; t 2 ½0; 1: So
@
@t
Fðu; tÞ ¼ 
Z
O
f  u;
and ðP2Þ follows immediately. Furthermore, if u is a critical point of Ft; it is
easy to see that
@
@t
Fðu; tÞ

4a˜ðFtðuÞ2 þ 1Þ 12m ;
cf. [15, 10.18]. So ðP3Þ holds with y2ðt; sÞ ¼ a˜ðs2 þ 1Þ
1
2m ¼ y1ðt; sÞ: Observe
that F0 is the same as before so ðP4Þ holds. To check ðP5Þ assume that there
is a positive constant b such that
ckþ1  ck4bð%yðckþ1Þ þ %yðckÞ þ 1Þ for all k;
CLAPP, HERNA´NDEZ-LINARES, AND HERNA´NDEZ-MARTI´NEZ198where %yðsÞ ¼ a˜ðs2 þ 1Þ
1
2m : This implies there is a positive constant o3 such
that ck4o3k
m
m1 for all k; cf. [15, 10.47]. This contradicts Proposition 15 if
m
m15
2
N
q
q2 : ]
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